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Due to the non-independence of entropy and thermodynamic volume for spherically symmetric
black holes in the AdS spacetime, when applying the Ruppeiner thermodynamic geometry theory
to these black holes, we often encounter an unavoidable problem of the singularity about the line
element of thermodynamic geometry. In this paper, we propose a basic and natural scheme for
dealing with the thermodynamic geometry of spherically symmetric AdS black holes. We point out
that enthalpy, not internal energy, is the fundamental thermodynamic characteristic function for
the Ruppeiner thermodynamic geometry. Based on this fact, we give the specific forms of the line
element of thermodynamic geometry for Schwarzschild AdS (SAdS) black hole in different phase
spaces and the results show that the thermodynamic curvatures obtained in different phase spaces
are equivalent. It is shown that the thermodynamic curvature is negative which implies that the
attractive interaction dominates between black hole molecules for the SAdS black hole. Meanwhile
we also give an approximate expression of the thermodynamic curvature of the Schwarzschild black
hole which indicates that the black hole is dominated by repulsion on low temperature region and
by attraction on high temperature region.
I. MOTIVATION
“If you can heat it, it has microscopic structure”, the
view of Boltzmann provides a good basis to determine
whether the system has microstructure or not. With
the foundation works of Hawking and Bekenstein that
the black hole has temperature and entropy on an event
horizon[1, 2], there is no doubt that a black hole has mi-
crostructure. This issue plays a decisive role in the study
of black hole physics and even gravitation theory. The de-
velopment of black hole thermodynamics contributes to
exploring the microscopic state of black hole more intu-
itively and conveniently[3–7]. Especially in recent years,
the proposition of the thermodynamic geometry of black
hole[8–11] and the hypothesis of black hole molecule[12]
have promoted the study of the microstructure of black
hole completely from the thermodynamic point of view.
What’s more interesting is that the introduction of the
extended phase space with a pair of new conjugate quan-
tities of the thermodynamic pressure P and thermody-
namic volume V . Black holes exhibit abundant phase
transition behavior and microstructure in the extended
phase space[13–16]. The key of introducing extended
phase space is to interpret the cosmological constant Λ
as the thermodynamic pressure P with
P = − Λ
8pi
=
3
8pil2
, (1)
where l represents the curvature radius of the AdS space-
time. Then the black hole mass M can be identified with
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the enthalpy, rather than the internal energy.
For spherically symmetric black holes in the AdS
spacetime, like SAdS black hole, Reissner-Nordstro¨m
AdS (RN-AdS) black hole, Gauss-Bonnet AdS (GB-AdS)
black hole and etc., with the introduction of extended
phase space {P, V }, the biggest difference between the
thermodynamic properties of these black holes and those
of ordinary thermodynamic systems is that these black
holes thermodynamic systems have a zero heat capacity
at constant volume, i.e., C
V
:= T (∂S/∂T )
V
= 0, where
S is the entropy and T is Hawking temperature of black
hole. The reason is that the entropy S and thermody-
namic volume V of these black holes are not independent
(both of them are just functions of the horizon radius).
This is also the unique property of black hole thermo-
dynamics. When we apply the Ruppeiner thermody-
namic geometry theory to the kind black hole system,
we should be careful, because there are some subtle dif-
ferences in the thermodynamic geometry of these black
holes compared with those without AdS background.
Due to a vanishing heat capacity at constant volume
or non-independence of entropy and thermodynamic vol-
ume, this renders the line element of Ruppeiner ther-
modynamic geometry singular, which brings about a di-
vergent thermodynamic curvature. Consequently some
micro information of the associated black hole is not re-
vealed from the thermodynamic geometry. One of the
feasible solutions is the introduction of normalized ther-
modynamic curvature proposed by the authors[17–19] by
treating the heat capacity at constant volume as a con-
stant very close to zero. Thus, the microscopic behaviors
of RN-AdS and GB-AdS black holes have been analyzed
in detail with the help of the normalized thermodynamic
curvature.
Now in present paper, we propose another feasible,
more direct and natural solution to the problem of sin-
gularity about the line element of Ruppeiner thermody-
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2namic geometry caused by non-independence of entropy
and thermodynamic volume. This scheme is probably
the most fundamental for the thermodynamic geometric
analysis of spherically symmetric black holes in the AdS
spacetime. Our starting point is that the thermodynamic
differential relation of internal energy dU = TdS − PdV
will no longer hold because entropy and thermodynamic
volume are not independent and the most basic ther-
modynamic differential relation for such spherically sym-
metric black holes in the AdS spacetime is about that of
enthalpy M ,
dM = TdS + V dP + other works. (2)
Based on the fundamental relationship Eq. (2), we give
the general form of the line element of Ruppeiner ther-
modynamic geometry for SAdS black hole and the spe-
cific forms in phase space {S, P} and {T, V }. The results
show that thermodynamic curvatures obtained in the two
phase spaces are equivalent, and the thermodynamic cur-
vature is always negative indicating that the attractive
interaction dominates between black hole molecules for
the SAdS black hole. Meanwhile we also give an approx-
imate expression of the thermodynamic curvature of the
Schwarzschild black hole, which shows that the black hole
is dominated by repulsion on low temperature region and
by attraction on high temperature region.
II. RUPPEINER THERMODYNAMIC
GEOMETRY
The Ruppeiner thermodynamic geometry, which based
on the fluctuation theory of equilibrium thermody-
namics, is established on the language of Riemannian
geometry[8]. Now it is dealt with as a new attempt to
extract the microscopic interaction information from the
axioms of thermodynamics[20, 21]. Its line element can
be written as in terms of entropy representation
∆l2 = − ∂
2S
∂Xµ∂Xν
∆Xµ∆Xν , (3)
where Xµ represents some independent thermodynamic
quantities. The line element ∆l2 measures the distance
between two neighbouring fluctuation states in the state
space. For a thermodynamic system, the thermodynamic
scalar curvature of line element Eq. (3) is a probe of its
microscopic interaction, i.e., positive (negative) thermo-
dynamic curvature respectively implies a repulsive (at-
tractive) interaction, whereas vanishing curvature indi-
cates no interaction[9, 10, 22]. Meanwhile, the value of
the thermodynamic curvature measures the strength of
the interactions in some sense[23]. Now we use this the-
ory to deal with spherically symmetric black holes in the
AdS spacetime. Since the line element Eq. (3) of the en-
tropy representation is not very convenient to use in the
thermodynamics of black holes, we seek the line element
forms in other representation.
For SAdS black hole, the most basic thermodynamic
differential relation is dM = TdS + V dP and we adjust
this relation to get
dS =
1
T
dM − V
T
dP. (4)
Now we set Xµ = (M,P ), and then the conjugate
quantities corresponding to Xµ are Yµ = ∂S/∂X
µ =
(1/T,−V/T ). Hence the line element Eq. (3) becomes
∆l2 = −∆Yµ∆Xµ. After some simple mathematical
derivation, we can write the line element Eq. (3) as a
universal form for the SAdS black hole
∆l2 =
1
T
∆T∆S +
1
T
∆V∆P. (5)
(i) When the phase space is {S, P}, the line element
takes the form in terms of enthalpy representation
∆l2 =
1
C
P
∆S2 +
2
T
(
∂T
∂P
)
S
∆S∆P, (6)
where C
P
:= T (∂S/∂T )
P
and we have used the Maxwell
relation (∂T/∂P )
S
= (∂V/∂S)
P
based on the thermo-
dynamic differential relation dM = TdS + V dP . In
the above Eq. (6), we have taken advantage of the non-
independence of entropy and thermodynamic volume,
i.e., (∂V/∂P )
S
= 0. Nevertheless, the line element
Eq. (6) is still well and has no singularity.
(ii) When the phase space is {T, V }, the line element
reads as in terms of Helmholtz free energy representation
∆l2 =
2
T
(
∂P
∂T
)
V
∆T∆V +
1
T
(
∂P
∂V
)
T
∆V 2, (7)
where we have used the Maxwell relation (∂S/∂V )
T
=
(∂P/∂T )
V
based on the thermodynamic differential rela-
tion dF = −SdT −PdV and F is Helmholtz free energy.
In the above Eq. (7), we have made use of the zero heat
capacity at constant volume, i.e., C
V
= 0. Anyway, the
line element Eq. (7) is still well.
The basic thermodynamic quantities of the SAdS black
hole are listed below in terms of the horizon radius rh[24,
25]
Temperature : T =
1
4pirh
+ 2Prh, (8)
Entropy : S = pir2h, (9)
Thermodynamic Volume : V =
4pir3h
3
, (10)
and the heat capacity at constant pressure C
P
= −2S(1+
8PS)/(1−8PS). Then we can obtain the thermodynamic
scalar curvature of the SAdS black hole in different phase
spaces.
In the phase space {S, P}, we have
R
SP
= − 1
S(1 + 8PS)
. (11)
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FIG. 1: The diagram of the rescaled temperature Tr with
respect to the rescaled thermodynamic scalar curvature Rr
and arrows indicate the direction in which x increases for
SAdS black hole.
In the phase space {T, V }, we get
R
TV
= − 1
3piTV
. (12)
Meanwhile we can directly find R
SP
= R
TV
with the
help of Eqs. (8), (9) and (10). Hence for convenience,
we label the two curvatures as R. It is clear that the
curvature is negative, i.e., R < 0, which implies that
the attractive interaction dominates between black hole
molecules for the SAdS black hole.
Next we consider the case of fixed AdS spacetime, i.e.,
P = constant, and analyse the relationship between ther-
modynamic curvature and temperature. After a simple
calculation, we have rescaled temperature Tr and rescaled
thermodynamic scalar curvature Rr
Tr =
√
pi
2P
T =
x
1
2 + x−
1
2
2
, Rr =
R
4P
= − 2
x(x+ 1)
,
(13)
where x = 8PS. Here, along the direction of increasing
x, we show the curve of temperature Tr and curvature Rr
in FIG. 1. We can see that the curvature is always neg-
ative indicated that the AdS background can make the
black hole molecules show attractive interaction. With
the decrease of absolute value of curvature, i.e., the in-
teraction gradually weakening, the black hole tempera-
ture shows a trend of decreasing first and then increasing
sharply. The increase of temperature means that the ir-
regular free motion of black hole molecules is dominant,
while the decrease of temperature means that the inter-
action is significant, which will inevitably suppress the
temperature.
Finally we turn to the thermodynamic micro-behavior
of Schwarzschild black hole by means of the Ruppeiner
thermodynamic geometry. Regardless of how the phase
space is chosen, the line element of thermodynamic ge-
ometry of the Schwarzschild black hole is always singular,
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FIG. 2: The diagram of the temperature with respect to hori-
zon radius for Schwarzschild black hole (P = 0, Q = 0), SAdS
black hole (P = 3/(800pi), Q = 0), RN black hole (P = 0, Q =
1) and RN-AdS black hole (P = 3/(800pi), Q = 1).
and we have to analyze its micro-behavior from the ther-
modynamic geometry with the help of the results of other
black holes, like the SAdS black hole we are concerned
about in this paper. When P = 0, that is to say, no AdS
background, according to Eq. (11), we can obtain the
expression of the thermodynamic scalar curvature with
respect to the temperature for Schwarzschild black hole
R
Schwarzschild
= −16piT 2
Schwarzschild
. From the formula, we
see that the thermodynamic scalar curvature is negative
and the attractive interaction dominates between black
hole molecules for the Schwarzschild black hole. On the
other hand, based on the analysis of the thermodynamic
geometric behavior of the RN black hole in our previous
work[26], we have the expression of the thermodynamic
scalar curvature with respect to the temperature for
Schwarzschild black hole R
Schwarzschild
= 16piT 2
Schwarzschild
.
It is always positive which means the repulsive inter-
action dominates between black hole molecules for the
Schwarzschild black hole. It’s all about the Schwarzschild
black hole, but we’ve got two opposite results, how do we
understand them? According to the theory of black hole
in general relativity, it is clear that the SAdS black hole is
close to Schwarzschild black hole in small scale, while the
RN black hole is similar to Schwarzschild black hole in
large scale. To be clear, let’s consider the behaviors of the
temperature for Schwarzschild, SAdS, RN and RN-AdS
black holes based on the expression of the temperature
of RN-AdS black hole[15, 27–29]
T
RN-AdS
=
1
4pir
+ 2Pr − Q
4pir3
, (14)
where r is the horizon radius and Q is square of charge
of RN-AdS black hole. When Q = 0, Eq. (14) is the tem-
perature of SAdS black hole, and when P = 0, it is that
of the RN black hole, and when P = 0 and Q = 0, it de-
generates to that of Schwarzschild black hole. In FIG. 2,
we show the temperature curves of these four black holes.
One can clearly see that the behavior of temperature of
4SAdS black hole is close to that of Schwarzschild black
hole in small scale, while the the behavior of tempera-
ture of RN black hole is similar to that of Schwarzschild
black hole in large scale. The SAdS black hole is domi-
nated by attractive interaction, while the RN black hole
is dominated by repulsive interaction[26]. Therefore we
can conclude that the Schwarzschild black hole is dom-
inated by repulsion on large scale and by attraction on
small scale. In addition, we see that the temperature
curves of the Schwarzschild black hole and the RN-AdS
black hole have intersection. Hence we can approximate
that this intersection is the transition point of repulsion
and attraction for the Schwarzschild black hole.
Consequently we can approximately write an ex-
pression of the thermodynamic curvature of the
Schwarzschild black hole as
R
Schwarzschild
= 16piT 2
Schwarzschild
sgn
(
2Pr − Q
4pir3
)
=

16piT 2
Schwarzschild
, large r
0, 2Pr =
Q
4pir3
−16piT 2
Schwarzschild
, small r
(15)
According to the behavior of the temperature of
Schwarzschild black hole in FIG. 2, we can obtain that
the Schwarzschild black hole is dominated by repulsion
on low temperature region and by attraction on high
temperature region. However, some more precise and
detailed microscopic analyses and how the thermody-
namic curvature behavior of the Schwarzschild black hole
will behave, especially on the intermediate temperature
region (or intermediate scale), are still unknown. In
addition, what principle drives the interaction between
molecules of Schwarzschild black hole to present this pat-
tern also needs to be further explored.
III. SUMMARY AND DISCUSSION
Because the entropy and thermodynamic volume are
not independent for spherically symmetric black holes in
the AdS spacetime, it is belived that the most basic ther-
modynamic characteristic function is enthalpy M(S, P ),
not internal energy U(S, V ). Based on this fact, we give
the general form of the line element of Ruppeiner ther-
modynamic geometry of SAdS black hole and the specific
forms in phase space {S, P} and {T, V }. The results show
that the thermodynamic curvatures obtained in the two
phase spaces are equivalent, and the thermodynamic cur-
vature is always negative which indicates that the attrac-
tive interaction dominates between black hole molecules
for the SAdS black hole. Meanwhile with the help of our
results of SAdS black hole and the previous results of
RN black hole, we also give an approximate expression of
the thermodynamic curvature of the Schwarzschild black
hole. This indicates that the black hole is dominated by
repulsion on low temperature region and by attraction
on high temperature region.
In addition, our present scheme can also be applied
to other black holes, like RN-AdS and GB-AdS black
holes[17–19, 27, 29, 30], to analyze some interesting be-
haviors of black holes in phase transition. Another topic
of concern is the relationship between stability analysis
of black holes and thermodynamic geometry. Because
the entropy and thermodynamic volume of are not inde-
pendent, the positive definiteness of the Hessian matrix
may not be preserved. This issue is probably related to
the thermal stability of black holes, which we are very
concerned about and will be discussed in detail in the
future.
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